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Abstract 
Embedded eigenstates are nonradiative modes of an open structure with momentum compatible 
with radiation, yet characterized by unboundedly large Q-factors. Traditionally, these states 
originate from total destructive interference of radiation from two or more non-orthogonal modes 
in periodic structures. In this work, we demonstrate a novel class of embedded eigenstates based 
on Berreman modes in epsilon-near-zero (ENZ) layered materials and propose realistic silicon 
carbide (SiC) structures supporting high-Q (~103) resonances based on these principles. The 
proposed structures demonstrate strong absorption in a narrow spectral and angular range, giving 
rise to quasi-coherent and highly directive thermal emission. 
Introduction 
Scattering of light is a ubiquitous process, which has driven human curiosity for thousands of 
years, from ancient Greek philosophers to modern physicists. For a scattering process to occur, 
electromagnetic waves need to interact with matter. This interaction lies at the center of today’s 
experimental physics and technology, both in classical and quantum regimes. A property 
intimately tied to light-matter interaction is wave confinement in the form of the system 
eigenmodes. The quest for confining large amounts of electromagnetic energy into small volumes 
has been at the forefront of technological advances in recent decades, where high Q-factors and 
low mode volumes have been sought-after with various approaches [1]–[3]. 
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A recent approach to this problem holds the promise for extreme light confinement in the 
form of embedded eigenstates (EE) or bound states in the continuum (BIC) [3],[4],[13]-
[22],[5],[23],[6]-[12]. This phenomenon has been initially introduced in quantum mechanics by 
Wigner and Von Neumann in 1939, who showed that a tailored potential distribution can bound 
an electron residing above a potential well, without decaying to the continuum [7]. Recently, the 
ubiquitous wave nature of this phenomenon was realized and explored in different wave domains, 
including mechanics [24], acoustics [25] and electromagnetics [9]. The presence of resonances in 
a system usually results in local-field amplification and energy decay due to radiative loss. 
Contrary to intuition, EEs represent eigenmode solutions of open structures that do not radiate, 
despite being compatible with radiation in terms of momentum. As a result, these resonant states 
are characterized by unbounded Q-factors, making this phenomenon of great importance for light-
matter interactions [3]. Photonic EEs have become a particularly intense research direction in the 
last few years since the maturity of nanofabrication technologies has allowed experimental 
realizations of such structures in the microwave, THz, visible and infrared ranges [13]-
[15],[17],[18],[26]. Trivial EEs can arise due to symmetry-forbidden radiative decay [8], usually 
appearing at the band edge of a periodic open structure. More recently, non-symmetry protected 
EEs have been engineered based on the Friedrich and Wintgen model, based on which two or more 
nonorthogonal modes are strongly coupled and both radiate towards the excitation channel. An EE 
state arises when the interference of partial waves of the modes becomes purely destructive [8]. 
A conceptually different approach to realize light-trapping structures that support EEs is 
based on using epsilon-near-zero (ENZ) materials [16],[27]-[29], which represent a versatile 
platform to boost light-matter interactions [30]-[33]. ENZ materials have been exploited for 
Purcell-effect enhancement [34]-[36], perfect absorbers [34],[37],[38], active optoelectronic 
devices [39], enhanced nonlinear effects [40]-[44] and to control the radiation of emitters [45],[46]. 
Apart from field enhancement, ENZ regimes were shown to enable peculiar optical phenomena 
due to inherent “wave stretching” – tailoring the radiation pattern and directivity [47], as well as 
supercoupling [48] and other promising applications at microwaves and optical frequencies [49]. 
At the bulk plasma resonance, the wave impedance in an ENZ becomes infinite [49],[50], which 
provides unique opportunities to engineer EEs. When the plasma resonance is combined with a 
geometric resonance, they can give rise to divergent Q-factors and converging scattering lines 
[16],[27]-[29]. ENZ responses can be found in various natural materials, such as metals (Au, Ag), 
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transparent conductive oxides (ITO, AZO), polar dielectrics (SiC, AlN), and artificial materials 
[49]. 
In this paper, we discuss a class of EEs stemming from Berreman modes in epsilon-near-
zero materials comprising dielectric layers. We show that these modes manifest themselves as zero 
reflection contours in the reflection spectra, associated with the complete transmission of energy 
for plane-wave excitation. Using the transverse resonance technique we analyze and discuss the 
nature of the supported modes in the considered geometries. In particular, we show that a uniform 
ENZ slab supports a trivial embedded eigenstate at normal incidence, in analogy to symmetry-
protected EEs found in periodic structures. We then show that a three-layer system consisting of 
ENZ-dielectric-ENZ layers supports different orders of Berreman modes, which enable both trivial 
and accidental EEs. Next, by using the proposed concepts, we demonstrate that we can maximize 
the Q-factors and field enhancements of the supported modes in ENZ materials with realistic loss. 
We use silicon carbide (SiC) as a long wave-IR ENZ material and demonstrate quasi-EEs with 
high Q-factors (~103). Finally, we apply these ideas to design an extremely narrowband perfect 
absorber/thermal emitter based on the discussed concepts, which may provide temporally and 
spatially narrowband thermal emission based on embedded eigenstates [51].  
Results and Discussion 
Embedded eigenstates and Berreman modes. To analyze the continuum of modes supported by 
a multilayer planar structure with ENZ properties, we employ the transverse resonance technique 
[52]. In this approach, a 1D waveguiding structure is represented by an equivalent transverse 
transmission line network, and the supported modes can be found through the resonance condition 
 𝑍up + 𝑍down = 0, (1) 
where upZ  and downZ  represent impedances looking up and down towards the boundaries of the 
waveguiding structure from an arbitrary point in the transverse network. For closed lossless 
structures, these solutions can be found for real   and real k. However, in addition to guided 
modes below the light line, open structures also support leaky modes with complex   for real k , 
or complex k for real  , where the imaginary parts describe the modal decay. These solutions are 
associated with poles of the Green’s function [52],[53], and in the complex frequency 
representation (for fixed real k) they appear as poles of the S-matrix eigenvalues. Indeed, another 
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essential theoretical tool that we use in this work is complex frequency analysis, describing the 
underlying phenomena through the study of poles and zeros of the scattering matrix 
eigenvalues/reflection, which can capture many elastic scattering phenomena relying on the 
analytical continuity of the S-matrix in the complex plane and Weierstrass factorization theorem 
[3],[54]-[56]. The poles of the S-matrix represent self-sustained solutions or eigenmodes, 
corresponding to purely outgoing waves, while the zeros represent absorbing modes or solutions 
representing solely incoming waves [55]. The distance of a pole from the real frequency axis 
reveals the decay rate of the corresponding mode for given real k, which means that complex poles 
of higher Q-factor modes are found closer to the real frequency axis. If a lossless, passive system 
supports an embedded eigenstate, i.e., a mode with zero decay rate, the S-matrix pole 
corresponding to that mode will be lying on the real frequency axis. In a passive system, this is 
only possible if there is also a degenerate S-matrix zero occurring at the same real frequency, where 
they merge and cancel out [3],[29]. 
We start our mode analysis from a simple planar slab of ideal ENZ material of thickness t 
= 800 nm, infinitely extended in the x and y directions, shown in the inset of Figure 1(a), consistent 
with the analysis in [47]. The permittivity of the slab enz  is assumed to follow a Drude dispersion 
with vanishing loss and plasma frequency ωp = 2 50   THz. We assume an 𝑒−𝑗𝜔𝑡 time convention 
throughout the paper. Using the transverse resonance condition for this simple geometry, the even 
and odd dispersion relations are found as [76] 
 tan (
𝑘1𝑧𝑡
2
) = 𝑗
𝑍0
𝑍1
= 𝑗
𝑘0𝑧𝜀𝑒𝑛𝑧
𝑘1𝑧
, (2a) 
 
cot (
𝑘1𝑧𝑡
2
) = 𝑗
𝑍0
𝑍1
= 𝑗
𝑘0𝑧𝜀𝑒𝑛𝑧
𝑘1𝑧
. 
(2b) 
The parameters 𝑍0, 𝑘0𝑧 = √𝑘0
2 − 𝑘𝑥2 and 𝑍1, 𝑘1𝑧 = √𝑘0
2𝜀𝑒𝑛𝑧 − 𝑘𝑥2 are transverse 
magnetic (TM) wave impedances and propagation constants along z-direction in air and ENZ, 
respectively, 𝑘0 = 𝜔 𝑐⁄  is the wavenumber in free space, c is the speed of light in air and t is the 
slab thickness, and xk  is the transverse wave number, assumed to be real. Figure 1(a) shows the 
even TM modal dispersion for the slab (blue dots), representing the real part of the mode 
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eigenfrequency obtained through equation (2a). We note that, since we focus on leaky modes, the 
supported surface plasmon modes are omitted from the discussion and the dispersion diagram. 
 
 
Figure 1: Modal dispersion and analysis of the reflection coeffcient. (a) Mode dispersion for 
an ENZ slab with t = 800 nm. Reflection zeros (red line), and real part of the eigenfrequency 
Re(ωr), where the eigenfrequency is defined by 𝜔𝑟 = 𝜔𝑟𝑒 + 𝑗𝜔𝑖𝑚 (blue dots). Inset: Q-factor of 
the polariton mode, calculated as 𝑄 = −𝜔𝑟𝑒/2𝜔𝑖𝑚. (b) Reflection coefficient for TM excitation 
at small angles for (a). (c) Mode dispersion for the ENZ-dielectric-ENZ structure, t = 400 nm, d = 
20 nm (d<<λdiel), εd = 10. Inset: Q-factor of the polariton and Berreman modes. (d) Reflection 
coefficient for TM excitation at small angles for (c). Plasma frequency is fp = ωp/2π = 50 THz. The 
frequency axis is normalized to ωp, while the wavenumber axis is normalized to kp= ωp/c.  
Since the slab thickness is subwavelength in the frequency regime of interest, the only 
available radiative mode is the bulk plasmon, also called the polariton mode [47]. This mode is 
leaky as it enters the light cone, and in this region an imaginary part arises even when material loss 
are not considered. The Q-factor of the polariton mode is therefore finite, accounting for radiation 
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loss, and it is plotted in a range of angles close to normal incidence in the inset of Figure 1(a). It is 
worth noting that the Q-factor of the modes contains the information on their imaginary frequency 
as Q=-ωre/2ωim. We observe in particular that the Q-factor diverges at kx = 0, indicating the 
presence of a symmetry-protected embedded eigenstate, for which the imaginary part of the 
eigenfrequency goes to zero, consistent with the findings in [50]. Since the structure is lossless, 
time-reversal symmetry requires that, as the pole approaches the real axis, a zero of the S-matrix 
eigenvalues also meets the pole for the same frequency, and their degeneracy produces an 
embedded eigenstate [76]. 
The scattering response of this slab can also be analyzed through the reflection and 
transmission coefficients, which can be obtained using the ABCD matrix formulation [67], [68], 
[76] and expressed as 
where the TM wave impedances are defined as 𝑍0 = 𝜂0 cos 𝜃𝑖  and 𝑍1 = 𝜂0 cos 𝜃1 √𝜀𝑒𝑛𝑧⁄ , 𝜂0 is 
the free-space wave impedance,  𝜃𝑖 is the incident angle and 𝜃1 is the angle of refraction in the 
ENZ layer. 
The complex zeros of the denominators in the reflection/transmission coefficients 
correspond to the solutions of the dispersion relation Eq. (2), i.e., they represent the eigenmodes 
of the system. It is also interesting to analyze the conditions for which the zeros of reflection (full 
transmission) occur. For this purpose, we next consider purely real frequencies, as the relevant 
reflection zeros appear on the real frequency axis for lossless systems. If we assume that k1z is real, 
i.e., we operate below the critical angle |𝜃𝐶| = arcsin √𝜀𝑒𝑛𝑧, then the phase advance through the 
slab is negligible for small thicknesses, k1zt << 1. Hence, since sin(𝑘1𝑧𝑡) ≠ 0, no Fabry-Perot 
modes occur and the only way to obtain a reflection zero is through non-resonant impedance 
matching, as pointed out in [74, 75]. In other words, full transmission can occur when the 
 𝑟 =
𝑗
𝑍1
2 − 𝑍0
2
2𝑍1𝑍0
sin(𝑘1𝑧𝑡)
cos(𝑘1𝑧𝑡) + 𝑗
𝑍1
2 + 𝑍0
2
2𝑍1𝑍0
sin(𝑘1𝑧𝑡)
= 0. (3a) 
 
𝑡 =
1
cos(𝑘1𝑧𝑡) + 𝑗
𝑍1
2 + 𝑍0
2
2𝑍1𝑍0
sin(𝑘1𝑧𝑡)
= 0. 
(3b) 
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transverse wave impedance of air and ENZ are matched Z0 = Z1 [expression (3a) and (3b)], which 
corresponds to the Brewster’s condition [76] 
 |𝜃𝐵| = arctan (
√𝜀𝑒𝑛𝑧
√𝜀𝑎𝑖𝑟
) = arctan (√1 − (
𝜔𝑝
𝜔
)
2
) , 𝜔 ≥ 𝜔𝑝. (4) 
Since the slab has a Drude permittivity dispersion, the Brewster’s angle for this problem is 
frequency-dependent and it exists only for positive values of permittivity, i.e., above the plasma 
frequency. The tunneling occurs at the Brewster frequency  
 𝜔𝐵 =
𝜔𝑝
√1 − tan2 𝜃𝑖
, −
𝜋
4
< 𝜃𝑖 <
𝜋
4
. (5) 
This Brewster tunneling effect is illustrated in Figure 1(a) as the zero-reflection line (red 
line), while Figure 1(b) shows the reflection coefficient dispersion for TM polarized light 
impinging on the slab at angles close to the normal incidence, where the incident angle is defined 
as 𝜃𝑖 = 𝑎𝑟𝑐𝑠𝑖𝑛(|𝑘𝑥/𝑘0|). As the incident angle gets closer to zero, the Brewster’s condition gets 
closer to the plasma frequency, expression (5), and to the embedded eigenstate at at 𝜃𝑖 = 0°, with 
the associated linewidth narrowing. In the limit, the pole and zeros merge on the real axis and an 
embedded eigenstate arises, marked by the green cross in Figure 1(a). The embedded eigenstate is 
a dark mode that does not radiate, hence its infinite lifetime, and therefore cannot be observed 
through external excitation because of reciprocity.  
Next, we introduce a subwavelength dielectric gap within the ENZ layer, as in the inset of 
Figure 1(c). Following the previous steps, we again use the transverse resonance method and 
ABCD matrix formulation to obtain the resonant condition and reflection coefficient for the 3-
layer structure [76]. For the sake of brevity, we provide here only the dispersion relation for even 
modes: 
and odd modes: 
 tan (
𝑘2𝑧𝑑
2
) = 𝑗
𝑘1𝑧𝜀𝑑
𝑘2𝑧𝜀𝑒𝑛𝑧
(𝑘0𝑧+𝑗
𝑘1𝑧
𝜀𝑒𝑛𝑧
tan(𝑘1𝑧𝑡))
(
𝑘1𝑧
𝜀𝑒𝑛𝑧
+𝑗𝑘0𝑧 tan(𝑘1𝑧𝑡))
, (6a) 
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The parameters d = 20 nm (d<<λdiel) and t = 400 nm are the thickness of the dielectric 
layer and ENZ layers, respectively, the relative permittivity of the dielectric slab εd is equal to 10 
and 𝑘𝑛𝑧 is the propagation constant along the z-axis in each layer.  
Figure 1(c) and 1(d) show the dispersion diagram and reflection coefficient for this 
geometry. Again, the surface modes irrelevant for the following discussion have been omitted from 
the dispersion diagram for clarity Above the plasma frequency, we note the same polariton mode 
as in the single-slab case, as well as the occurrence of a tunneling phenomenon, analogous to 
Brewster, denoted by the red closed contour, Figure 1(c). Similarly to the single-slab case, the non-
resonant impedance matching and consequently the reflection zeros occur above the plasma 
frequency due to a quasi-Brewster’s effect, with the difference here that this tunneling depends on 
the effective permittivity of the 3-layer structure. The peculiarity of this dispersion diagram is a 
new mode, emerging slightly below the plasma frequency, called the Berreman mode. This 
phenomenon was first discovered observing the narrow absorption peaks in dielectric-thin film 
multilayers [57], and it represents a leaky bulk plasmon mode above the light line. The extension 
of the Berreman mode below the light-line is also known as the ENZ mode [58], which is supported 
by a long-range surface plasmon (LRSP) branch in the case of a very thin metal [59]. Due to the 
manifold nature of the Berreman mode, the LRSP and ENZ branches are also denoted in the 
dispersion diagram, although these guided modes are not of particular interest for the phenomena 
discussed here. In addition, a short-range surface plasmon (SRSP) branch is also found below the 
light-line for lower frequencies. 
The inset of Figure 1(c) shows the Q-factor of both polariton and Berreman modes at kx=0. 
Their divergence indicates that both modes support symmetry-protected embedded eigenstates, 
which is also confirmed by the merging of the corresponding poles and zeros of the S-matrix 
eigenvalues at the real frequency axis [76]. Moreover, the Berreman and polariton modes become 
degenerate at normal incidence, with both eigenfrequencies equal and real, thus showing that this 
system supports a doubly-degenerate symmetry protected EE. In terms of reflection, Figure 1(d), 
 cot (
𝑘2𝑧𝑑
2
) = 𝑗
𝑘1𝑧𝜀𝑑
𝑘2𝑧𝜀𝑒𝑛𝑧
(𝑘0𝑧+𝑗
𝑘1𝑧
𝜀𝑒𝑛𝑧
tan(𝑘1𝑧𝑡))
(
𝑘1𝑧
𝜀𝑒𝑛𝑧
+𝑗𝑘0𝑧 tan(𝑘1𝑧𝑡))
. (6b) 
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there are now two zero-reflection contours approaching each other around normal incidence, as 
opposed to the case of single ENZ slab.  
The Berreman mode has mostly been studied in the context of multilayer metal-dielectric 
structures for various applications [33], [59]-[66]. Its physical nature has been primarily explained 
through effective medium theory [36],[61], noticing how the spectral position of this resonance 
corresponds to the frequency at which the effective permittivity of the structure crosses zero. 
Namely, stacking metal-dielectric pairs can enable a hyperbolic dispersion [63], and induce 
effective ENZ response using the transition between elliptic and hyperbolic propagation [33]. 
Another theoretical description of the Berreman mode using a harmonic oscillator model was 
recently put forward [66], relating tunneling at the Berreman mode in a metal-insulator-metal 
cavity to electron tunneling through a double-barrier potential well. 
To provide physical insights into its role in the context of embedded eigenstates, the 
Berreman mode is here studied using a simple analogy to a lumped circuit element [76]. Namely, 
below the plasma frequency and in the limit of extremely subwavelength dielectric thicknesses, 
this open structure acts like a lossless lumped-element L-C-L circuit, loaded by Z0 on both sides to 
model radiation. The permittivity of the ENZ slab is negative below the plasma frequency, making 
its wave impedance inductive, as well as making the wave propagation in the ENZ purely 
evanescent, i.e., without phase advance. On the other hand, the subwavelength dielectric gap has 
a capacitive impedance, with a negligible phase advance. Thus the resonant behaviour of the 
multilayer is analogous to a lumped element L-C-L circuit. The tunneling feature of the Berreman 
mode can then be attributed to a classical LC resonance, i.e., resonant impedance matching, where 
the reactance contributions of the inductor (ENZ slab) and capacitor (dielectric gap) cancel out, 
balancing the magnetic and electric energy of the oscillator circuit. To distinguish this mode from 
others in the following discussion, we designate it as the 0th order Berreman mode. 
To further investigate the potential of the 3-layer structure, we increase the gap size such 
that its thickness is equal to half of the longitudinal wavelength in the material at an angle of 50°. 
The corresponding dispersion diagram is shown in Figure 2(a). In this case the 0th order Berreman 
mode shifts to lower frequencies, and its flat dispersion indicates its slow light nature, which can 
be used for enhanced light-matter interactions [36],[64]-[66]. The angular bandwidth of this slow-
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light regime is exceptionally large, spanning across most of the light cone. Below the light line, 
the LRSP and SRSP modes occur, with the well-known asymptote 𝜔 = 𝜔𝑝/√1 + 𝜀𝑑. 
 
Figure 2: Higher-order Berreman modes and accidental EEs. (a) Mode dispersion for a half-
wavelength thick dielectric gap, supporting both normal and off-normal incidence (θi = 50 deg) 
embedded eigenstates, d = 980 nm, εd = 10. Inset: zoom-in around the plasma frequency (left), and 
Q-factor of the modes (right). (b) Reflection coefficient for TM polarized wave at θi=50 deg for 
different dielectric thicknesses, where different orders of Berreman modes and accidental EEs are 
visible. 
Since the dielectric is half-wavelength thick, it also supports a Fabry-Perot mode. The 
precise resonant thickness for which a non-zero longitudinal wavenumber kx supports such a 
resonance (corresponding to an incidence angle sin(θi) = |kx/ko|) is given by 
 
𝑑 =
𝜆𝑟
2
=
𝑐
2𝑓𝑟√𝜀𝑑 − (
𝑘𝑥
𝑘0
)
2
=
𝑐
2𝑓𝑟√𝜀𝑑 − sin2 𝜃𝑖
 
(7) 
where λr is the resonant wavelength, fr is the resonant frequency, c is the speed of light in vacuum. 
If the dispersion of this mode crosses the plasma frequency for some angle, i.e., if fr=fp, an off-
normal (accidental) EE forms, for which the mode is perfectly confined without radiation leakage 
[27]. This Fabry-Perot mode, which represents a 1st order Berreman mode, supports full energy 
tunneling. The described system now supports two embedded eigenstates: the symmetry-protected 
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one at normal incidence and an accidental one. Figure 2(a, inset) shows the dispersion around the 
plasma frequency, where these EEs are visible. 
In order to better describe the effect of the dielectric thickness on the modal evolution, we 
plot the reflection coefficient for TM polarized waves at an incidence angle of 50 deg for different 
dielectric thicknesses d, Figure 2(b). The vanishing linewidth can be observed at the plasma 
frequency for d = nλr/2, corresponding to an embedded eigenstate of the nth order Berreman mode. 
It is worth noting that for n = 0 the system corresponds to a single ENZ slab, which makes this EE 
a trivial one. 
 
Figure 3: Effect of loss on the accidental embedded eigenstate. Q-factor as a function of loss 
factor g. Inset shows a sketch of the position of complex poles and zeros of reflection as a function 
of g. 
Loss in ENZ. The role of loss in ENZ-based devices cannot be understated, as they are 
unavoidable in realistic materials and represent a limiting factor in many applications [69]. Any 
material carries intrinsic loss, and when they are paired with the low group velocity of ENZ 
materials, even small loss can become critical. To study the effect of losses, we plot the Q-factor 
of the localized Fabry-Perot mode as a function of the loss factor g, Figure 3. The loss of the ENZ 
material has been incorporated in the Drude model using 𝜀𝑒𝑛𝑧 = 1 − 𝜔𝑝
2/(𝜔2 + 𝑖𝛾𝜔), where 𝛾 =
𝑔𝜔𝑝 (𝑔 = Im[𝜀𝑒𝑛𝑧(𝜔𝑝)]). We fix the incidence angle again to 50 deg and the frequency to 𝜔𝑝, at 
which the system supports an embedded eigenstate, and calculate the reflection coefficient in the 
complex frequency space as a function of g. The reflection poles correspond to the eigenmodes of 
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the system with complex frequency 𝜔𝑟 = 𝜔𝑟𝑒 + 𝑗𝜔𝑖𝑚, and therefore the Q-factors can be readily 
calculated as 𝜔𝑟/2𝜔𝑖. It can be seen that there is a linear relation between g and Q-factor, with 
𝑄~1/𝑔, putting a rather restrictive limit on the achievable Q-factors. 
Another critical effect associated with the material loss can be highlighted by analyzing the 
poles and zeros of reflection. The Fabry-Perot resonance in this system is a 1st order Berreman 
mode, supporting complete tunneling of energy in the lossless limit, with all of the zeros of 
reflection pinned to the real frequency axis (zero imaginary part). This tunneling persists along the 
whole Fabry-Perot dispersion line, except at the EE where the reflection has both a pole and a zero 
at the same real frequency, i.e., the reflection coefficient is undefined in the lossless limit. By 
adding loss, the pole and zero split and move down in the complex plane, making this state a quasi-
EE (qEE). Interestingly, the pole stays closer to the real frequency axis than the zero, as shown in 
Figure 3 (inset). This peculiarity has important implications: in the lossy case, the tunneling of the 
Berreman mode vanishes at the angle corresponding to the quasi-EE. In parallel, the reflection 
coefficient becomes larger than zero and approaches unity at the qEE. Indeed, the transition from 
metal to dielectric at the plasma frequency necessarily results in strong reflectivity of the ENZ 
layers and significant impedance mismatch with free space, which persist against added losses. As 
a consequence, the resonant line vanishing in the realistic lossy system happens not only due to 
the Q-factor enhancement but also due to inevitable reflection at the qEE. 
 
Realistic structure comprising SiC. Although the discussed effects of material loss may 
fundamentally limit the Q-factor of the quasi-EEs supported by the proposed geometry, low-loss 
ENZ materials can nevertheless be used to achieve high-Q quasi-EE resonances, of interest for 
selective transmission and sensing. Here, we explore a realistic structure with silicon carbide as 
the ENZ material that supports high-Q quasi-EE at 50 deg incidence, Figure 4. SiC is an excellent 
candidate for this purpose since it displays very low loss at the longitudinal phonon frequency 
where the real part of permittivity crosses zero [45], [70], [71]. The permittivity of 4H-SiC can be 
approximated as[45],[71] 
 𝜀SiC = 𝜀∞ (1 +
(𝜔𝐿𝑂
2 − 𝜔𝑇𝑂
2 )
𝜔𝑇𝑂
2 − 𝜔2 + 𝑖𝛾𝜔
), (8) 
where ωLO=2π·29.08 THz and ωTO=2π·23.89 THz are longitudinal and transverse optical phonon 
frequencies, 𝛾=2π·0.04 THz is damping, 𝜀∞=6.6. 
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Figure 4: Demonstration of quasi-EE in SiC. (a) Reflection spectrum for TM-polarized light 
with the geometry sketched in the inset. (b) Reflection, transmission, and absorption of a higher-
order Berreman mode at 44 deg incidence. Inset: E-field distribution inside the structure. 
Figure 4(a) shows the reflection spectrum of a SiC-dielectric-SiC cavity, displaying a q-EE at the 
angle of incidence of 50 deg. The high-Q Berreman mode supported by this structure has a 
dispersion crossing the ωLO frequency of SiC where the ENZ regime arises. This is corroborated 
by vanishing of the resonant line in the reflection spectrum. A numerical demonstration of a 
resonance close to the EE point is pictured in Figure 4(b), with Q ~103, and the scattering 
coefficients are in excellent agreement with the analytical ones obtained with the ABCD matrix 
approach [76] In case we use a more conservative estimation of loss Im(ε)= 0.07 as in [51], we 
obtain Q factors ~ 320. 
 
Quasi-EE for narrowband perfect absorption and thermal emission. The ENZ regime implies 
strong light-matter interactions with ultra-narrow scattering lines. In the case of a realistic lossy 
ENZ, this property results in enhanced absorption near the ENZ point, as shown in Figure 4(b), 
and this property can be used to engineer narrowband absorbers based on quasi-embedded 
eigenstates [51]. Following the conventional approach to obtain perfect absorption [72], we reduce 
transmission through the structure by increasing the thickness of the lower SiC layer and consider 
the asymmetric structure geometry in Figure 5(a). As discussed above, incorporation of loss 
ensures a reflection maxima exactly at the q-EE, which results in weak absorption. However, the 
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resonances around the q-EE can display absorption peaks with extremely narrow angular and 
frequency bandwidth. 
To exploit the potential of the proposed multilayer structure to its full extent, we first 
analyse the absorption of the single-slab and the asymmetric 3-layer structures, Figures 5(a) and 
(d). Both the polariton mode in a thin free-standing ENZ layer, Figure 5(d), and the higher-order 
Berreman (Fabry-Perot) mode in the 3-layer structure, Figure 5(a), have absorption features that 
are strongly related to the spectral position of the ENZ point. However, the polariton mode does 
not allow efficient dispersion control, has poor angular selectivity and does not support 
engineering of perfect absorption [76]. Although the dispersion of the Fabry-Perot mode in the 3-
layer structure can be controlled with the resonator itself, thus potentially improving the angular 
and frequency bandwidth of the absorption peaks, the structure in Figure 5(a) has poor angular 
selectivity, since the dispersion of the Fabry-Perot mode follows the ENZ frequency ωLO closely 
for all incident angles where the absorption is enhanced. 
To change the dispersion of the mode and further improve selectivity, we incorporate a 
distributed Bragg reflector (DBR) between the resonator and each SiC layer, Figure 5(b,c). While 
the proposed structure can get quite bulky, the spectral and angular bandwidths become 
exceptionally narrow for the long-wavelength IR region. The introduction of a DBR expectedly 
narrows the spectral width of the resonance, yet it introduces a steep angular dispersion of the 
Fabry-Perot mode as well, moving it further away from the ENZ frequency. This, in turn, enables 
a narrower angular width of near-perfect absorption regions around the quasi-EE. These features 
abruptly disappear when one of the SiC is removed, as shown in Figures 5(e,f), which demonstrates 
the importance of the ENZ-resonator-ENZ configuration to yield this exotic absorption and 
thermal emission features. Figure 5(b) shows near-perfect absorption at two points near the q-EE, 
which are both spectrally and spatially narrowband. Both the absorption peak and the large Q-
factor are a direct result of the q-EE in the ENZ regime, indicating its pivotal role in engineering 
extreme light-matter interactions and absorption with extremely narrow spectral and angular 
features. 
Given the extreme spectral and spatial selectivity of the proposed absorbing structure, and 
the fact that operation frequency falls within the thermal long-wave infrared window (8-12μm), it 
represents an ideal candidate for the design of quasi-coherent thermal emitters, given Kirchhoff’s 
law that directly relates optical absorption and thermal emission [73]. 
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Figure 5: Absorption for TM illumination from the top with schematics of the multilayer 
structures under investigation. (a) Asymmetric SiC-Dielectric-SiC structure supporting near-
perfect absorption of the Fabry-Perot mode. (b) Absorption spectrum for a multilayer structure 
with 3-layer DBR, and close-up view around q-EE. (c) Absorption spectrum for a multilayer 
structure with 5-layer DBR, and close-up view around q-EE, (d) Single SiC slab, (e) same as (b) 
with removed bottom SiC layer, (f) same as (c) with removed bottom SiC layer. Top SiC layer 
thickness is tT =500 nm, bottom is tB = 1500 nm. High and low permittivity quarter-wave thickness’ 
are dH = 656 nm and dL = 2.168 μm, while the resonator thickness is dR = 4.33 μm. Resonator and 
the low permittivity slab of the DBR are made of a low-loss low permittivity material, modeled 
after BaF2 with εr≈2 around 10μm. The high permittivity slab for DBR used here is made of Ge 
which has εr≈16 and negligible losses around 10μm. 
To demonstrate the potential of the discussed configuration, we study a multilayer structure with 
5-layer DBR, as pictured in the inset of Figure 6(a). The absorption (emission) lines for angles 
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around the embedded eigenstate display a very narrow band, with minimum absorption exactly at 
the q-EE as discussed previously. To compare the thermal performance of the structure with a 
single slab of SiC, we plot spectral radiance in the region 8-12 μm for the same structure, Figure 
6(b). Emission peak near the qEE demonstrates extreme spectral selectivity, with a linewidth of 
less than 10nm at half-maximum, and consequently superiority in comparison to the single-layer 
SiC structure. With an increasing number of layers in the DBR, the linewidth narrows further, but 
also the structure gets bulkier. 
 
Figure 6: Emission near EE: Multilayer structure, with the same parameters as in figure 5 except 
for optimized tt=400 nm and tB=2 μm, with 19.35μm thickness in total. (a) Absorption/thermal 
emission around EE (b) TM spectral radiance of the proposed structure at 49.3° compared to a 
single SiC slab and black body radiance at 300K. 
 
Conclusions 
We have presented an in-depth investigation of modes supported by planar structures comprising 
ENZ materials, identifying several key features of these modes. Specifically, we have explained 
the origin and nature of leaky Berreman modes and how they relate to embedded eigenstates using 
a simple model based on the transverse resonance technique. We have identified two types of EEs 
in such structures – symmetry-protected EEs at normal incidence and accidental EEs at a desired 
angle of incidence. For practical considerations, we have proposed a realizable SiC-based structure 
that supports quasi-EEs with high Q-factors and field enhancements. Based on these concepts, we 
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have demonstrated extremely narrowband absorber/thermal emitters near the q-EE. In light of 
recent findings [77], we believe that the incorporation of optical nonlocality in ENZ materials can 
possibly provide a new degree of freedom in engineering EEs and related scattering effects. This 
is of great interest for thermal engineering, as the understading of nonlocality in polar dielectric 
grows [78]. We believe that the presented concepts can offer exciting opportunities for ENZ-based 
devices in the context of thermal engineering, sensing, non-linear optics, and filtering.  
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1. Mode dispersion and the reflection coefficient 
As discussed in the main text, we use the standard transverse resonance (TR) technique to obtain 
the mode dispersion 𝑍up + 𝑍down = 0, [1,2]. For the single slab of ENZ (figure S1), the TR 
condition at the center of the structure yields: 
𝑍up + 𝑍down =
2𝑍1(𝑍0 + 𝑗𝑍1 tan (
𝑘1𝑧𝑡
2 ))
𝑍1 + 𝑗𝑍0 tan (
𝑘1𝑧𝑡
2 )
= 0. 
Setting the numerator to zero leads to: 
tan (
𝑘1𝑧𝑡
2
) = 𝑗
𝑍0
𝑍1
= 𝑗
𝑘0𝑧𝜀𝑒𝑛𝑧
𝑘1𝑧
, 
where 𝑘0𝑧 = √𝑘0
2 − 𝑘𝑥2, 𝑘1𝑧 = √𝑘0
2𝜀𝑒𝑛𝑧 − 𝑘𝑥2 are propagation constants along z-direction in air 
and ENZ respectively, 𝑍0 = 𝑘0𝑧/𝜔𝜀0 and 𝑍1 = 𝑘0𝑧/𝜔𝜀0𝜀𝑒𝑛𝑧 are transverse magnetic (TM) wave 
impedances of air and ENZ, and t is the slab thickness. This dispersion relation corresponds to the 
even mode dispersion. The odd mode TM dispersion is obtained by placing an open circuit in the 
center of the transverse network, which acts as a magnetic wall. This gives the dispersion relation 
cot (
𝑘1𝑧𝑡
2
) = 𝑗
𝑍0
𝑍1
= 𝑗
𝑘0𝑧𝜀𝑒𝑛𝑧
𝑘1𝑧
. 
The same condition for the 3 layer structure yields 
𝑍up + 𝑍down = 2𝑍2
𝑍1(𝑍0 + 𝑗𝑍1 tan(𝑘1𝑧𝑡))+𝑗𝑍2 tan (𝑘2𝑧
𝑑
2) (𝑍1 + 𝑗𝑍0 tan
(𝑘1𝑧𝑡))
𝑍2(𝑍1 + 𝑗𝑍0 tan(𝑘1𝑧𝑡))+𝑗𝑍1 tan (𝑘2𝑧
𝑑
2) (𝑍0 + 𝑗𝑍1 tan
(𝑘1𝑧𝑡))
= 0. 
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Figure S1. Transverse resonance network model for the single slab of ENZ. 
Setting the numerator to zero leads to the even mode dispersion: 
tan (
𝑘2𝑧𝑑
2
) = 𝑗
𝑍1
𝑍2
(𝑍0 + 𝑗𝑍1 tan(𝑘1𝑧𝑡))
(𝑍1 + 𝑗𝑍0 tan(𝑘1𝑧𝑡))
= 𝑗
𝑘1𝑧𝜀2
𝑘2𝑧𝜀1
(𝑘0𝑧 + 𝑗
𝑘1𝑧
𝜀𝑒𝑛𝑧
tan(𝑘1𝑧𝑡))
(
𝑘1𝑧
𝜀𝑒𝑛𝑧
+ 𝑗𝑘0𝑧 tan(𝑘1𝑧𝑡))
. 
By putting an open circuit in the center of the transverse network, we obtain the odd mode 
dispersion: 
cot (
𝑘2𝑧𝑑
2
) = 𝑗
𝑍1
𝑍2
(𝑍0 + 𝑗𝑍1 tan(𝑘1𝑧𝑡))
(𝑍1 + 𝑗𝑍0 tan(𝑘1𝑧𝑡))
= 𝑗
𝑘1𝑧𝜀2
𝑘2𝑧𝜀1
(𝑘0𝑧 + 𝑗
𝑘1𝑧
𝜀𝑒𝑛𝑧
tan(𝑘1𝑧𝑡))
(
𝑘1𝑧
𝜀𝑒𝑛𝑧
+ 𝑗𝑘0𝑧 tan(𝑘1𝑧𝑡))
. 
Solutions for these relations are found within the parameter space consisting of complex ω and 
real kx. 
Throughout the main text, we use the reflection coefficient for single-layer and multilayer 
structures. This is obtained using the standard ABCD matrix formulation, where each layer can be 
represented by an equivalent ABCD matrix [3,4]: 
[
𝐴𝑛 𝐵𝑛
𝐶𝑛 𝐷𝑛
] = [
cos(𝑘𝑛𝑧𝑡𝑛) j𝑍𝑛sin(𝑘𝑛𝑧𝑡𝑛)
j
𝑍𝑛
sin(𝑘𝑛𝑧𝑡𝑛) cos(𝑘𝑛𝑧𝑡𝑛)
]. 
where n denotes the layer in question. For a single slab this yields the reflection coefficient: 
𝑟1 =
𝐴 +
𝐵
𝑍0
− 𝐶𝑍0 − 𝐷
𝐴 +
𝐵
𝑍0
+ 𝐶𝑍0 + 𝐷
=
𝑗
𝑍1
2 − 𝑍0
2
2𝑍1𝑍0
sin(𝑘1𝑧𝑡)
cos(𝑘1𝑧𝑡) + 𝑗
𝑍1
2 + 𝑍0
2
2𝑍1𝑍0
sin(𝑘1𝑧𝑡)
 
When it comes to TM wave impedances, they can be expressed in terms of angles as: 
𝑍0 = 𝜂0 cos 𝜃𝑖 , 𝑍1 =
𝜂0 cos 𝜃1
√𝜀𝑒𝑛𝑧
, 
where 𝜃𝑖 is the incident angle,  𝜃1 is the angle of refraction in the ENZ layer which is obtained 
using Snell’s law. Then we can express the reflection coefficient in terms of angles: 
26 
 
𝑟1 =
𝑗√𝜀𝑒𝑛𝑧
cos2 𝜃1
𝜀𝑒𝑛𝑧
− cos2 𝜃𝑖
2 cos 𝜃1 cos 𝜃𝑖
sin(𝑘1𝑧𝑡)
cos(𝑘1𝑧𝑡) + 𝑗√𝜀𝑒𝑛𝑧
cos2 𝜃1
𝜀𝑒𝑛𝑧
+ cos2 𝜃𝑖
2 cos 𝜃1 cos 𝜃𝑖
sin(𝑘1𝑧𝑡)
. 
 
For the three-layer structure the total ABCD matrix is: 
[
𝐴𝑡 𝐵𝑡
𝐶𝑡 𝐷𝑡
] = [
𝐴1 𝐵1
𝐶1 𝐷1
] [
𝐴2 𝐵2
𝐶2 𝐷2
] [
𝐴3 𝐵3
𝐶3 𝐷3
] 
and the reflection coefficient for the three-layer structure is given by: 
𝑟3 =
𝐴𝑡 +
𝐵𝑡
𝑍0
− 𝐶𝑡𝑍0 − 𝐷𝑡
𝐴𝑡 +
𝐵𝑡
𝑍0
+ 𝐶𝑡𝑍0 + 𝐷𝑡
. 
2. Brewster’s condition derivation 
As mentioned in the main text, the only possible zero of reflection for the single slab of ENZ 
material occurs due to non-resonant impedance matching (TM waves). Here we derive the 
underlying Brewster’s condition. Namely, due to matched TM wave impedances, we can write: 
𝑍0 = 𝜂0 cos 𝜃𝑖 = 𝑍1 = 𝜂0 cos 𝜃1
1
√𝜀𝑒𝑛𝑧
,  𝜂0 = √
𝜇0
𝜀0
, 
cos 𝜃1 = √𝜀𝑒𝑛𝑧 cos 𝜃𝑖 , 
where 𝜃𝑖 and 𝜃1 correspond to wave angles in air and ENZ, respectively. Snell’s law for the air-
ENZ boundary states: 
sin 𝜃1 =
1
√𝜀𝑒𝑛𝑧
sin 𝜃𝑖 . 
By squaring the previous two equations and adding them together, the system of equations leads 
to the well known Brewster’s formula: 
sin2 𝜃1 + cos
2 𝜃1 = 1 = sin
2 𝜃𝑖 + cos
2 𝜃𝑖 =
1
𝜀𝑒𝑛𝑧
sin2 𝜃𝑖 + 𝜀𝑒𝑛𝑧 cos
2 𝜃𝑖 
(𝜀𝑒𝑛𝑧 − 1)
𝜀𝑒𝑛𝑧
sin2 𝜃𝑖 = (𝜀𝑒𝑛𝑧 − 1) cos
2 𝜃𝑖 
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tan 𝜃𝑖 = tan 𝜃𝐵 = √𝜀𝑒𝑛𝑧 
This leads to the equation (4) from the main text: 
𝜃𝐵 = atan(√𝜀𝑒𝑛𝑧) = atan (√1 − (
𝜔𝑝
𝜔
)
2
) , 𝜔 ≥ 𝜔𝑝.  
 
3. Berreman mode: analogy to a lumped circuit element 
Here we present the analogy between the three-layer structure from the main text and a lumped 
element circuit, which gives the Berreman mode a simple and intuitive explanation. First, we start 
by replacing the ENZ layers by a series inductor, as in Figure S2 (b). Namely, just below plasma 
frequency the permittivity of the ENZ slab is negative and there is no phase advance through the 
slab since the wave in the slab is purely evanescent, thus allowing us to replace it by an inductor.  
We choose a fixed frequency value below plasma frequency 𝜔 = 0.98𝜔𝑝 where this analogy will 
be valid, which gives 𝜀𝑒𝑛𝑧 ≈ −0.04. Next, we choose an arbitrary input angle, e.g. 𝜃 =
sin−1(𝑘𝑥/𝑘0) = 50°. For the inductor, we choose an appropriate reactance value 𝑋𝐿 =  𝜔𝐿 to 
accurately portray the ENZ slab in these conditions. For these parameters we found that value to 
be 𝑋𝐿 = 2270 𝛺. To validate this analogy, we plot the reflection coefficient and input impedance 
for the original structure [Figure S2 (a), same as Figure 2 (b) in the main text], and the transmission 
line model with inductors [Figure S2 (b)], all as a function of the dielectric thickness d. 
We now vary the dielectric gap thickness and compare the results. Figure S2 (c) shows an excellent 
agreement between the two reflection coefficients, where 0th and 1st order Berreman modes 
(reflection zeros) are visible. Figure S2 (d) and S2 (e) show excellent agreement in trend and value 
between the real and imaginary parts of the input impedance, making this analogy appropriate. 
Furthermore, if we only look at the 0th order Berreman mode which exists for a very small d, we 
can assume 𝑘2𝑧𝑑 ≪ 1 (small phase advance) and replace the dielectric gap by a shunt capacitor, 
Figure S2 (f). In this case, we can mimic the change of dielectric thickness to some extent by 
changing the capacitance C, effectively changing the reactance XC. 
We now plot the reflection coefficient and input impedance of L-C-L circuit (Figure S2 (g), (h) 
and (i)) as a function of capacitance C. One can notice there are now two x-axis, with each curve 
corresponding to its own x-axis. We compare the mentioned parameters of L-C-L circuit to that of 
the original structure, which are a function of thickness d. These parameters show the same trends, 
as the dielectric thickness d (bottom, blue x-axis) and capacitance C (top, red x-axis) linearly 
change. However, as the thickness d increases, the propagation effects in the dielectric become 
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noticeable, and there is a discrepancy in terms of the position of the reflection dips. Nevertheless, 
this model successfully provides an intuitive picture of the underlying physics, as the analogous 
circuit accurately mimics the resonant behavior of the multilayer structure. 
 
Figure S2. (a) Three-layer structure from the main text. (b) Transmission line model of the 
structure, ENZ replaced by an inductor (c) Reflection coefficient of (a) and (b). (d) Real part of 
the input impedance of (a) and (b). (e) Imaginary part of the input impedance of (a) and (b), (f) 
Transmission line model of the L-C-L circuit, (g) Reflection coefficient of (a) and (f), as a 
function of d and C, respectively. (h) Real part of the input impedance of (a) and (f), (i) 
Imaginary part of the input impedance of (a) and (f). 
 Thus, it is clear that the tunneling at the 0th Berreman mode can be attributed to classical R-L-C 
resonance, where reactance contributions of ENZ and dielectric layers balance out, allowing full 
energy transmission with negligible phase advance. 
 
4. Symmetry protected embedded eigenstates  
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In terms of S-matrix eigenvalues, a single slab of ENZ material has a single complex pole and a 
single complex zero, as well as a reflection zero on the real frequency axis. Figure S3 (a) shows 
the trajectories of the singularities as kx reduces to 0, where all these singularities merge and form 
an embedded eigenstate. 
In the case of ENZ-dielectric-ENZ for the same incidence angle, two poles and two zeros are 
clearly present, Figure S3 (b) and (c). In both cases, the poles and zeros collapse to the real 
frequency ωp for kx=0, creating a doubly degenerate embedded eigenstate.  
 
Figure S3. Singularities of the S-matrix eigenvalues/reflection spectrum in the complex 
frequency plane near normal incidence for 4 different values of kx/kp = [0.1, 0.075, 0.05, 0]: (a) 
Single slab of ENZ of thickness t=800 nm, (b) Polariton mode singularities for ENZ-dielectric-
ENZ, t=400 nm, and the dielectric thickness d=20 nm.  (c) Berreman mode for (b).  
 
5. Polariton mode in a free-standing ENZ slab 
The use of a SiC-resonator-SiC configuration was demonstrated in the main text. Here we 
show that the absorption properties of a single SiC slab that supports a polariton mode are 
inherently inferior to that of the proposed configuration. Namely, by tuning the thickness of a 
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single slab of SiC, Figure S5 shows that the Berreman mode is inherently flat (no dispersion 
control), has poor angular selectivity, and does not admit perfect absorption. 
 
Figure S4. TM absorption coefficient for a single slab of SiC with thickness t (a) t=10 nm. (b) 
t=100 nm.  (c) t=500 nm.  
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